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a b s t r a c t
This paper is concernedwith the questionwhether each self-similar set on R1 with positive
Lebesgue measure contains an interval. We show that it is true for two instances: One is
the self-similar set with respect to two similitudes; the other is the uniformly discrete self-
similar set with respect to finite similitudes.
© 2009 Elsevier Ltd. All rights reserved.
1. Definitions and results
The study of the arithmetic difference (sum) of two Cantor sets has been of great interest for the homoclinic bifurcations
of dynamical systems, since the past twenty years [1]. About 1987, J. Palis made the following
Conjecture. If the sum of two affine Cantor sets has positive Lebesgue measure, then it contains an interval.
Many articles have been written on this conjecture; see [2–5]. The core of their work is the investigation of the interplay
between the homoclinic bifurcations of dynamical systems and non-trivial basic sets. The fractal dimensions of these basic
sets turn out to play an important role in determining which class of dynamics is prevalent near a bifurcation.
Another subjectwhich has been of great interest since thework ofMandelbrot [6] is the study of fractal dimensions, intro-
duced by Hausdorff in the twenties. The most useful source of examples in this context is given by self-similar sets [3,7–23].
Any self-similar set may be described using an iterated function system, or IFS. If c is a positive real number, a similarity
with ratio c is a function f : Rd → Rd such that |f (x)− f (y)| = c |x− y| for all x, y ∈ Rd. If c < 1, the similarity is called
contractive. An iterated function system is a finite collection of contractive similarities {fi}mi=1. For any IFS, there is a unique
nonempty, closed, bounded subset E ≡ E(f1, . . . , fm) of Rd such that
E =
m⋃
i=1
fi(E). (1.1)
The set E is called the invariant set of the IFS and sets constructed in this manner are also called self-similar.
It is easy to see that the conjecture above and the following question are related to each other.
Question. Is it true that if a self-similar set has positive Lebesgue measure, then it contains interior points?
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Several efforts have been made [5,3,11,14] to solve the question. Among these results the most interesting one is as
follows:
Theorem A ([5]). Let α be the similarity dimension of E(f1, . . . , fm), i.e. the unique solution of the equation
∑m
i=1 c
α
i = 1, and
α = d, then E(f1, . . . , fm) contains interior points if and only if E(f1, . . . , fm) has positive Lebesgue measure.
The question whether in the ‘‘overlapping’’ case α > d each self-similar set with positive Lebesgue measure possesses
interior points remains open. In this paper, which will attempt to shed some light on the question above, we will prove two
results in our case here. The first is the following.
Theorem 1.1. Let E(f1, f2) be the self-similar set with respect to the similitudes fi(x) = cix + ei defined on R1, with ci ∈ (1, 1)
and ei ∈ R1, i = 1, 2, then E(f1, f2) contains an interval if and only if E(f1, f2) has positive Lebesgue measure.
We now turn to the statements of second result. Let Ψ = {ei : 1 ≤ i ≤ m} ⊂ R1 be any finite set and let E(c,Ψ ) be
the self-similar set with respect to the similitudes fi(x) = cx+ cei, c ∈ (0, 1), ei ∈ Ψ , i = 1, . . . ,m, defined on R1. In what
follows we restrict to the case that 0 ∈ Ψ , using the fact that
E(c,Ψ + x) = E(c,Ψ )+
( ∞∑
j=1
c j
)
x. (1.2)
That is, translating all the digits just translates the set E(c,Ψ ), usually by a different amount. Associate to (c,Ψ )with 0 ∈ Ψ
the sets
Ψc,k =
{
k−1∑
j=0
c−jeij : all eij ∈ Ψ
}
, (1.3)
Ψc,∞ =
∞⋃
k=1
Ψc,k. (1.4)
Note that 0 ∈ Ψ implies Ψc,k ⊆ Ψc,k+1 for all k ≥ 1. We say that a set B ⊂ R1 is uniformly discrete if there exists some
bound δ > 0 such that x, x′ ∈ B implies ∣∣x− x′∣∣ > δ.
Theorem 1.2. Let E ≡ E(c,Ψ ) be the self-similar set with respect to the similitudes fi(x) = cx + cei, c ∈ (0, 1), ei ∈ Ψ ,
i = 1, . . . ,m, defined on R1. Suppose that the set Ψc,∞ is uniformly discrete, but different expansions inΨc,∞ are permitted to be
equal. Then E contains an interval if and only if E has positive Lebesgue measure.
2. Proof of Theorem 1.1
We first state the following theorem without proof and refer to [11,23] for the proof of Theorem 1.1.
Theorem B ([11]). Let E(f1, . . . , fm) be the self-similar set with respect to the similitudes fi(x) = cix + ei, ci ∈ (0, 1), i =
1, . . . ,m, defined on R1. Then the set E(f1, . . . , fm) is connected if and only if, for any i 6= j ∈ {1, 2, . . . ,m}, there exists a subset
{r1, r2, . . . , rk} ⊂ {1, 2, . . . ,m} such that
Ei ∩ Er1 6= φ, Er1 ∩ Er2 6= φ, . . . , Erk ∩ Ej 6= φ, (2.1)
where El = fl(E(f1, . . . , fm)) for 1 ≤ l ≤ m.
Proof of Theorem 1.1. Obviously only one implication requires a proof. We denote the Lebesgue measure of a set E by
λ(E). Assume E(f1, f2) has positive Lebesgue measure, i.e. λ(E(f1, f2)) > 0, which means H1(E(f1, f2)) > 0, so by Theorem
2.2 of [5] and Theorem 9.3 of [10] we have α = dimS E(f1, f2) ≥ 1 = dimH E(f1, f2), and c1 + c2 ≥ cα1 + cα2 = 1. We now
prove E(f1, f2) is connected, which implies at once that E(f1, f2) contains an interval. Suppose, on the contrary, that E(f1, f2)
is not connected. Thenwe have E1∩E2 = φ by Theorem B. So put ρ = dist(E1, E2) > 0. Let τ be a positive number satisfying
c1 + c2 < ρτ . We also put U = Nτ (E(f1, f2)), the τ -neighborhood of E(f1, f2); that is,
U = {x ∈ R; |x− y| < τ for some y ∈ E(f1, f2)} . (2.2)
For brevity, put Uj = fj(U) for j = 1, 2.
We first claim that U ⊃ U1 ∪ U2. To see this, for any x ∈ U1, there exists a y ∈ U with f1(y) = x. Then there exists a
z ∈ E(f1, f2) such that |y− z| ≤ τ ; therefore
|x− f1(z)| = |f1(y)− f1(z)| = c1 |y− z| < τ. (2.3)
Since f1(z) ∈ E1 ⊂ E(f1, f2), we have x ∈ U = Nτ (E(f1, f2)); thus U1is contained by U . Similarly U2 ⊂ U , as required.
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Secondly, we claim that U1 ∩ U2 = φ. To see this, suppose that x ∈ U1 ∩ U2. Then it follows in the same way as above
that there exist yi ∈ U and zi ∈ E(f1, f2) satisfying fi(yi) = x and |yi − zi| ≤ τ for i = 1, 2. Then
ρ = dist(E1, E2) ≤ |f1(z1)− f2(z2)| ≤ |x− f1(z1)| + |x− f2(z2)|
≤ |f1(y1)− f1(z1)| + |f2(y2)− f2(z2)| = c1 |y1 − z1| + c2 |y2 − z2|
≤ (c1 + c2)τ < ρ.
This is a contradiction, as required.
Let us finish the proof of the theorem. Since U is open, we have
λ(U) > λ(U1)+ λ(U2) > 0
from the first and the second claim. On the other hand, since themapping f −1i mapsUi ontoU , we have thatλ(U) = c−1i λ(Ui)
for i = 1, 2. Thus
λ(U) > λ(U1)+ λ(U2) = (c1 + c2)λ(U) ≥ λ(U). (2.4)
This contradiction completes the proof. 
3. Proof of Theorem 1.2
Before beginning the proof, we recall basic facts [4,9–12,24–26] on the self-similar set E ≡ E(c,Ψ ). First, the set-valued
functional equation (1.1), that is,
E =
m⋃
i=1
c(E + ei) (3.1)
for a self-similar set E(c,Ψ ) has an equivalent form
c−1(E) =
m⋃
i=1
(E + ei). (3.2)
Moreover, Hutchinson [12] showed that the self-similar set E(c,Ψ ) is explicitly given by
E(c,Ψ ) =
{ ∞∑
j=1
c jeij : all eij ∈ Ψ
}
. (3.3)
Finally, it is easy to see that iterating (3.2) gives
c−k(E) =
⋃
e∈Ψc,k
(E + e). (3.4)
The following lemmas will be used in the proof of Theorem 1.2.
Lemma 3.1 ([27]). If E ≡ E(c,Ψ ) has positive Lebesgue measure, i.e., λ(E) > 0, then there is a point x∗ ∈ E with
lim
r→0{λ([x
∗ − r, x∗ + r])}−1
∫ x∗+r
x∗−r
χE(y)dy = χE(x∗) = 1
where χE(y) is the characteristic function. Furthermore, for each ε > 0 one has
λ([x∗ − r, x∗ + r] ∩ E) ≥ (1− ε) · λ([x∗ − r, x∗ + r]) (3.5)
for all sufficiently small r.
Lemma 3.2. Let λ(E) > 0.Then there exist positive constants r0, c0 and δ0 such that for all sufficiently large n and εn > 0 there
exists a finite set wn ⊆ [−r0, r0], of cardinality at most c0, with
∣∣g − g ′∣∣ ≥ δ0 for any distinct g, g ′ ∈ wn, such that
λ([−1, 1] ∩ (E + wn)) ≥ (1− 25εn) · λ([−1, 1]). (3.6)
Proof. At first, Lemma 3.1 implies that there is a sequence rk → 0 and εk → 0 with
λ([x∗ − rk, x∗ + rk] ∩ E) ≥ (1− εk) · λ([x∗ − rk, x∗ + rk]). (3.7)
This gives
λ(c−l([x∗ − rk, x∗ + rk] ∩ E)) ≥ (1− εk) · λ(c−l([x∗ − rk, x∗ + rk])) (3.8)
for all l ≥ 0. We will show that for sufficiently large l, there exists a unit interval [y− 1, y+ 1] ⊆ c−l([x∗− rk, x∗+ rk])with
λ([y− 1, y+ 1] ∩ c−l(E)) ≥ (1− 25εk) · λ([−1, 1]). (3.9)
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Indeed, since 0 < c < 1, c−l([x∗ − rk, x∗ + rk]) is an interval Il,k whose length goes to infinity as l → ∞. By a standard
covering lemma [27] (Stein (1970), p. 9), there is a set {[y′−1, y′+1]} of disjoint unit intervals with centers in Il,k that cover
length at least 125λ(Il,k), provided the length of Il,k is at least 4. All these intervals lie inside Il,k. Now (3.8) allows at most
εk ·λ(c−l[x∗− rk, x∗+ rk]) of the length of c−l([x∗− rk, x∗+ rk]) to be uncovered by c−l([x∗− rk, x∗+ rk])∩ E, so even if this
entire uncovered length is distributed into the disjoint intervals {[y′ − 1, y′ + 1]}, at least one of them must satisfy (3.9).
Next we use the inflation property (3.4) to rewrite (3.9) as
λ([y− 1, y+ 1] ∩
⋃
e∈Ψc,l
(E + e)) ≥ (1− 25εk) · λ([−1, 1]). (3.10)
Hence
λ([−1, 1] ∩
⋃
e∈Ψc,l
[E + (e− y)]) ≥ (1− 25εk) · λ([−1, 1]).
This shows that if we choose
wn = {g = e− y : e ∈ Ψc,l with (E + e− y) ∩ [−1, 1] 6= φ} (3.11)
then (3.6) holds. In addition, Ψc,l is uniformly discrete with constant δ, hence
∣∣g − g ′∣∣ > δ for all g, g ′ ∈ wn. Finally since
E is compact, all possible g lie inside the interval [−r0, r0] with r0 = 1 +max{|x| : x ∈ E}. The uniform discreteness of wn
then says this interval is packed with disjoint intervals of radius 12δ, thus there is an upper bound c0 = 2r0δ on the cardinality
ofwn, which proves the lemma. 
Proof of Theorem 1.2. Obviously, only one implication requires a proof. Let us finish the proof of Theorem 1.2. Using the
Lemma 3.2 we find a convergent subsequence of {wn}, call itwn, and we set
lim
k→∞wnk = w
∗.
Clearlyw∗ has cardinality at most c0. Now
λ([−1, 1] ∩ (E + w∗)) ≥ lim inf
k→∞ λ([−1, 1] ∩ (E + wnk))
≥ lim inf
k→∞ (1− 25εnk)λ([−1, 1]) = λ([−1, 1]).
Since w∗ is a closed set, this forces [−1, 1] ∩ (E + w∗) = [−1, 1]. Now E + w∗ is a finite union of translates of E, hence at
least one of them must have nonempty interior. The proof is complete. 
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